. Teope'mqecxue OCHOBbI UIs pelieHus 3a/1a4 1o IJIaHUMEeTPUH

Teopema ITughazopa u npamoy20.1bHble mpeyzoabHUK.

B tpeyroneuuke ABC uepes a, b u ¢ mMbl Oyaem obo3nauats croponsl BC,
CA n AB cOOTBETCTBEHHO, @ NPOTUBOJIEIKAIIHE 3THM CTOPOHAM YIJIbI — uepes a, fB
u y. Beicory, BeXOAsmIyH0 M3 TOukM A, obGo3nHaumm h,, Meauany m,, a

ouccexrpucy — l,. Kpome Toro, uepe3 R obo3Havaercs paauyc OMHCAHHOIN OKOJIO

TPEyrolbHUKA, @ 4Yepe3 I — PajuyC BIMCAHHON B TPEYrOJbHUK OKPYMHKHOCTH.
[Tnomans TpeyronsHuka o0o3Hauaercs OykBoii S, a noaynepumerp — OYKBOIi p.
ITpuBenem HekoTOpbie TeopeMbl U (hopMyIibl (OyAeM CHHTATh, YTO C — FMIIOTEHY3a

TPEYroJIbHUKA

Teopema 1. (Teopema Iughazopa) B npaMOyronsHOM TpeyrolbHHKE CyMMa

KBA/IPaToOB KATETOB pPaBHa KBajApaTy runorenyssl, 1.e. ¢ = a? + b? (puc. 1) .

B

(1

A b C
Puc. 1. Teopema |

Teopema 2. B npsMOyroJbHOM TpeyroJIbHUKE CIPaBeINBLI ClEAYIONHE

COOTHOLICHHS:
a=ccosf —csina—=btana—=bcotf,c= pree —si:B (puc. 2).
B
a
C

Puc. 2. Teopema 2

Teopema 3. Ecnm B npsMOYrONbHOM TpeyrolbHHKE — 4epe3 ¢, M Cp
0003Ha4YNTL MMPOEKUHH KATETOB HA THIOTEHY3y, TO CIPABEUIMBLI CIEAyIOLIne
COOTHOLICHMS:

k2 = ¢, ~cy, @2 = ¢+ Cq; b2 = ¢ - ¢ (pHc. 3).

Puc. 3. Teopema 3




Teopema 4. Ilnomans NpAMOYronsHOTO TPEYTOJILHUKA paBHa

S =zab=5ch,

I -~

Teopema 5. llenTp oOnuMcaHHON OKOJO MNPAMOYTOJILHOIO TPEYroJbHHKA
OKPYZKHOCTH JISKHT Ha CepeHHe MMNOTEeHY3bl, a PaiHyC JTOi OKPYKHOCTH paBeH
nonosuHe runoreHyssl. Otcioga  cleAyeTr, YTO MeAWaHa  TPEeYroJibHHKa,

MPOBCACHHAA K M'MMOTCHY3C, paBHa MOJOBHHE HIIOTCHY3bI (_pl/lC. 4)

A ertlG
Puc. 4. Teopema 5
Teopema 6. Pamumyc BnHcaHHOIi B NPSIMOYTONLHBI  TPEYroJLHHK

OKpPYZAKHOCTH paBCH OTHOLICHHIO MJI0MAIH K NOJIYIIEPHMETPY T.C.

r_S_ ab _ a+b-c
_p_a+b+c_ 2

rakkak (@ + b+ c)(a+b—c) = (a+ b)?—c? = 2ab.

Teopemui cunycoe u kocunycoe. Ilnouade mpey2onsHuka.
Teopema 7. (Teopema kocunycog) B nNpOH3BONLHOM TPEYroJbHHKE

cnpase/uHBo cooTHomenne a = b? + ¢? — 2bccosa '

Teopema 8. (Teopema cunycos) B npoH3BOILHOM TpEyrojbHHKE

a
CIpaBeUTHBLI COOTHOILLICHHSA — o B e 2R
sina  sinff  siny

T eopema 9. [nomans NPOU3BOJIBHOIO TPEYTOJILHHKA MOKHO BbLIMTHCIIHTL 110

OJIHO# U3 cIeayIoImMX (hopmyI:
S =zah, =3bcsina === =pr=/pp- )P - D)@ - ©).

[locneanss naseiBaercs (opmyoii I'epona.

Buccekmpuca u meduana mpey2onbHuKa.
Teopema 10. (Dopmyra o0na eeivucienua Onunsr oOuccekmpucst) B

@
bec cos

MPOM3BOILHOM TPEYTOILHHKE CIPABE/UTHBO COOTHOMICHHE [ = ——=.



Teopema 11. (@opmyra oOna eeiuucienus Oauner Ouccexkmpucsy) B
NPOM3BONLHOM TPEYTOMLHHKE CIPABE/UTHBO CooTHOWEHHE [Z = ac — mn, rae m,

n — OTPE3KH, Ha KoTopble OuccexkTpuca [, Aenut cropony b (puc. 5).

Puc. 5. Teopema 11
Teopema 12. Menuanel TpeyronbHHKa MEPECcEKalOTCs B OAHON TOYKE M
JeNATCA B 9TOI TOUKE Ha OTPE3KH, [UTHHLI KOTOPBIX OTHOCATCS Kak 2 © 1, cunTas ot

BEPILHHBI
Teopema 13. (Dopmyna 01 evtuucienun Onunst meduanst) B npou3BonsHOM

Tpeyro/ibHUKE CpPaBe//IMBO COOTHOLICHHE M, = %\/ 2b% + 2¢Z — a? (puc. 6).

Puc. 6. Teopema 13
Teopema 14. (Teopema o Guccexkmpuce enympenneco yena) buccekrpuca
BHYTPEHHEr0 yria TPeyroJbHHKa JAEIHT MPOTHBOMOIOKHYIO CTOPOHY HA YacTH,
NpONOPUHOHANILHEIC MPHIECKAILHM CTOPOHAM TPEYroJbHIKa
Teopema 15. buccekTpHChl TPeyrojlbHHKA MEPECEKalOTCs B OAHON TOUKE,

KOTOpas AB/AETCS LEHTPOM BIHCAHHOI B 3TOT TPEYrONLHUK OKPYKHOCTH (pHC. 7).

C

Puc. 7. Teopema 15



IIponopuuonansisle ompesku u no0obdue mpey2o01bHUKOS.
Teopema 16. (Teopema @Daneca) llapannenvHble NpsMble BBICEKAIOT Ha

nepeceKaroniX X NPAMBIX NPONOPLHOHANLHEIC OTpe3kH (puc. 8).

A B,

J L2

A JL:A
Ac 1 B :

Vi

[ 1

Puc. 8. Teopema 16

JlBa TpeyroibHMKa Ha3bIBAOT MOJOOHLIMM, €CIIM  COOTBETCTBYIOILHE
CTOPOHBI Y HHUX MPOMOPLHOHANBHLL 3aMETHM, YTO Y MOAOOHBIX TPEYrOJbLHHKOB
MPONOPLHOHANLHEI TAKXKE BCE COOTBETCTBYIOLIME IEMEHTHI (BBICOTHI, MEAHAHLI,
OHCCEKTPHUCHI, PaauyChl BIHCAHHOI 1 OMHCAHHON OKPYKHOCTEI 1 T.11.).

Teopema 17. (Ilepeoiti npusnax nodoodus) Ecim oaun yron nepsoro
TpeyrojJbHHKAa PaBeH YIJy BTOPOro TPEYroibHHKA, a NpPHIeKalHe K ITHM yrjam
CTOPOHB! TPEYrOJLHHKOB MPONOPLUHOHANBHLL, TO TAKHE TPEYroJLHHKH MOJOOHLI

Teopema 18. (Bmopoit npuznax nodobus) Ecmm apa yrma ojHoOro
TPeyroJbHUKA PaBHLI COOTBETCTBEHHO [ABYM YIJaM JPYroro TpPEyroJbHHMKa, TO
TaKHe TPEYrolbLHHKH MOA00HSL.

Teopema 19. I1nomann nogoOHBIX TPEYroJbHHKOB OTHOCATCA Kak KBaapar

Kod(phuLHeHTa NoA00HS.

Teopema 20. (Teopema Menenas) Ecnu HekoTOpas npsimas nepecekacr

cropoust AB u BC tpeyronsuuka ABC B Toukax X u Y COOTBETCTBEHHO, a

npoaomkenne croporst AC - B Touke Z, T0 %- % . % =1 (puc. 8)
B
X
X
A Z
C

Puc. 8. Teopema 20
Teopema 21. Ilycts B octpoyronsHoM Tpeyroisiike ABC nposenenst
BeicoTel AA; u CC;. Torpa tpeyronsuuku A;BC; u ABC nonoOnsl, npuuem

kod(ppuument nogobus k = cos B.



Jemmbt 0 naowaonx.
Jlemma 1. Ecim croponst AC u A,C, tpeyronsunkoB ABC u A|BC, nexar

Ha OAHOM ﬂpﬂMOﬁ, TO MIOM@AAn THX TPCYTOJLHHKOB OTHOCATCA KakK JUIMHBI HX

Saapc _ AC
Ssa,BC, A1Cy

B

OCHOBaHHMii, a UMeHHO (puc. 9):

A A C C,
Puc. 9. Jlemma |
Jlemma 2. Ecnn nBa tpeyronsuuka ABC u A;BC, nmeror obuyto cropony

AC, 1o uX maomaan oTHOCATCA Kak AnuHbl otpe3koB BD u BD, rae D — Touka

2 ” s, BD
nepeceuenus npsamoii BB, ¢ npamoii AC, a umenno (puc. 10): =28 = —
Saas,c BiD

B

A D C

Puc. 10. Jlemma 2



Jlemma 3. Ecnu tpeyronsuukn ABC u AB,C, nmetor obumii yron A, To ux

M0IAAH OTHOCATCA KaK MPOU3BCACHHA COOTBCTCTBYIOUHX CTOPOH, NMPHIICKALIHX

Saapc __ AB-AC

K OT! uMeHHo (puc. 11): =
ITOMY yriy, a HMeHHo (puc. 11) Samyc, — ABLAC

Cy

B, B

Puc. 11. Jlemma 3
Teopema 22. BenuunmHa BOHCAHHOTO YIjla paBHAa [OJOBHHE YIJIOBOI
BEIMYMHBI JYI'H, Ha KOTOPYI0 OH ONHpaercs. 3HAYHT, BHOHCAHHBIC YIIIbI,
ONHpaloIIHecs Ha OJHY M TY JK€ AYry, WM Ha PaBHbIC AYIH OJHO OKPYKHOCTH,

paBusl (puc. 12).

A
Puc. 12. Teopema 22

Teopema 23. Yron Mexay KacaTenbHOI M XOP/Oii, BEIXOAALIMMH H3 OJHOMH
TOYKH OKPYKHOCTH, H3MEpSCTCS MOJOBHHON YINIOBOI  BEIMYHHBI JIyTH,
3aKII0YEHHON BHYTPH TOTO YIia.

Teopema 24. Yron, BepllMHa KOTOPOrO pacrnoioikeHa BHE Kpyra,
H3MepsAeTcs MOJYpa3sHOCTLIO YIVIOBLIX BEJIMYHMH YT OKPYKHOCTH JTOrO Kpyra,
3aKII0YEHHBIX BHYTPH YIJa.

Teopema 25. Yrom, BepuiMHa KOTOPOTrO pacloloXkeHa BHYTPH Kpyra,
H3MepseTcs TMOMYCYMMOH YIJIOBBIX BEIHYHMH Jyr, KOTOpbIE BLICEKAIOT M3

OKPYKHOCTH KPyTrd CTOPOHBI YIJIa H HX MPOJA0IKEHHS.



Teopema 26. Cymma TNpOTHBOMOJOKHBIX YIJIOB YETHIPEXYTrOJIbHHKA,
BITHCAHHOTO B OKPY/KHOCTB, PaBHa T, M HA00OPOT, €ClIH CyMMa NPOTHBOMOIOKHBIX
YIJIOB  BBIIYKJIOTO  YETBIPEXYTrOJbHUKA paBHa T, TO BOKpPYr 23TOro
YeTLIPEXYroJbHHKA MOKHO ONMUCATh OKPYAKHOCTD.

Teopema 27. llponssenenus JUIMH OTPE3KOB JBYX MEPECEKalOMIUXCS XOPA
paBHBL.

Teopema 28. Ilponsseienne UIMHBI OTPE3Ka CEKYILEH HA ATHHY €e BHEIIHEi
4acTH €CTh BeNWYMHA MOCTOSHHAs And J1o0oil cekylueii, NpoBeAeHHOH K
OKPY/KHOCTH M3 JaHHOH TOYKM, M paBHA KBAaJpaTy JUIMHBI KacaTelbHOId,
NPOBEICHHO K OKPY/KHOCTH H3 TOMH K€ TOUKH.

Kacarue okpyycnocmei. Kacarnue npamoit u oKpysycHocmu.

Teopema 29. Ecnm nBe OKPY/KHOCTH KacaloTCs BHEIIHMM 00pa3oM, ToO
LCHTPLI OKPYKHOCTEH M TOYKA KacaHus JIeKaT Ha OJHON MPAMOi, a paccTosHHe

MEXK/1y LIEHTPAMH PaBHO CYMME PaJHyCOB ITHX OKpY:KHocTeii (puc. 13).

d = R+r
Puc. 13. Teopema 29
Teopema 30). Ecnu 1Be OKPYXKHOCTH KacalOTCs BHYTPEHHHM 00pa3zoM, TO
LEHTPL! OKPY)KHOCTEH M TOUKAa KacaHmMs JieKaT Ha OJHOI NpAMOIL, a paccTosHue
MEHAY LEHTPaMH PaBHO MOJY/IIO0 PasHOCTH PaaMyCOB THX OKpYyKHOCTEH (pHc.

14).

R
d=R-r

Puc. 14. Teopema 30



Teopema 31. Ecnu npsimas KacaeTcst OKPY/KHOCTH, TO pajinyc, MpOBeIeHHbIH

B TOYKY KacaHus, NepneHHKyIspeH JToii npamoii (puc. 15).

Puc. 15. Teopema 31
Teopema 32. OTpe3kn KacaTelIbHBIX K OKPY/KHOCTH, MPOBEJACHHBIC W3 O/IHOI
TOYKH, PaBHbI H COCTABJSIOT PaBHbI YIibl ¢ NPAMOM, mpoxoasuieil uepes 3Ty

TOYKY U LEHTP OKpy:kHOCTH (puc. 16).

Puc. 16. Teopema 32

Teopema 33. B ni000M ONHCAHHOM 4YETHLIPEXYTOJbHHKE CYMMbI JUIHH
MPOTHBOMOIOXKHEIX CTOPOH PaBHbL.

Teopema 34. B mobOM TpeyroibHHKE paccTOSHHE OT BEPLIHHBI
TPeyroibHHKa /[0 TOYKM KacaHHs BIIHCAHHONH OKPYXHOCTH CO CTOPOHOIi
TPEYroibHHKA, BLIXO/AIICH H3 JaHHOH BEpPIIMHLL, €CTh Pa3HOCTh MOJyNepHMeTpa
TPeyrojbHHKa 1 CTOPOHLI, MPOTHBOJICKAILECH JaHHOI BeplIMHe.

Teopema 35. B moGom TpeyroibHHKE pacCTOSHHE OT BEpIIHHbI
TpeyroibHHKa 10 TOYKM KacaHHs BHEBIHCAHHOH OKPYKHOCTH (Kacarouleiics
MPOTHBOMOJIOKHON JaHHOH BEpIIMHE CTOPOHBI TPEYTOJLHHKA M MPOAOIKECHHIT
JABYX APYTUX €ro CTOPOH) C MPOJOJIKEHHEM CTOPOHbLI TPEYrOJIbHHKA, BBIXOAALICH

W3 IaHHO} BEPLINHBL, €CTh MOJYNEPHMETP TPEYroIbHHKA.



Jnunst u nnowadu, c6a3anHble ¢ OKPYICHOCHbIO.

CexTopoM Ha3bIBAeTCS 4acCTh Kpyra, OrpaHdyeHHas ABYMS paaHycaMH H
JYroi OKpPYKHOCTH, a CErMEHTOM — 4acTh Kpyra, OrpaHH4YeHHas HEKOTOpOii
npaMoii M Jyroil OKpY:KHOCTH. YTJIOBOH BEIMYMHON CEKTOpa WM CerMeHTa
Ha3bIBaeTCA YIJIOBas BelAHYMHA JYTH, OrPaHHYHBAIONIAs ITOT CEKTOP (CerMeHT).
Bce yrinl m3mepsioTes B paauanax

Teopema 36. J\nuna okpyxHocTu paauyca R paBna 2nR.

Teopema 37. Jlnuna ayru yrioBoif BEIHYHHBI (¢ OKPYKHOCTH paamyca R
pasHa aR.

Teopema 38. Inomans kpyra paanyca R pasua R,

Teopema 39. Ilnomans cektopa yrjioBoii BelIMUMHBI . Kpyra paaumyca R

1
1 p2
pasua 7 aR”.

Teopema 40. Ilnomans cerMeHTa yriaoBoil BelNHYMHBI o Kpyra paamyca R
1 ;

pasna 5 R?(a — sina).
Yempvipexy2onoHuku.

Teopema 41. Ilnomanes TpaneuHu paBHa NPOM3BEACHHUIO MOITYCYMME JUIMH

OCHOBaHMit Ha BLICOTY (puc. 17).

b

o

a

Puc. 17. Teopema 41



Teopema 42. [Inomans napanienorpaMMa paBHa Npou3BeICHHIO OCHOBAHHS
Ha BBICOTY, ONYLIEHHYIO HA JaHHOE OCHOBaHME, MM MPOH3BEACHHIO ABYX €ro
CME/KHBIX CTOPOH Ha CHHYC yria Mesay HuMu (puc. 18).

a C

h
5

Puc. 18. Teopema 42

A

Teopema 43. B napamienorpamMme cymMma KBajApaToOB JUIMH JHaroHaseii
paBHa CyMMe KBaPaToB JUIHH €0 CTOPOH.

Teopema 44. Ilnomaas NPOH3BOILHOTO BBLIMYKIOTO YETHIPEXYroJbHHKA
paBHa MOJIOBHHE NPON3BEACHHS €ro JHaroHaneil Ha CHHYC YIiia Mex1y HIMH.

Teopema 45. [Ilnomans  4eTHIPEXYroNbHHKA, OMNHCAHHONO  OKOJO
OKPY/KHOCTH, paBHA MPOM3BEICHHIO MOTYNEPHMETPA ITOr0 YETHIPEXYroIbHUKA Ha

pajanyc 1aHHOI OKPYKHOCTH.

Teopema 46. UeTplpexyronbHHK, BepUIMHAMH KOTOPOro  ABJIAIOTCH
CepeaHHbl  CTOPOH NMPOM3BOJBLHOTO  BBIMYKIONO — YETBIPEXYroNbHHKA, €CTh
napauiesiorpaMM, IUIONIAAb KOTOPOTO paBHA MOJOBHHE IUIOLIAAM MCXOIHOIO
4EeTBIPEXYTOJILHHKA

Teopema 47. Ecnu y BLIMYKJIOTO YETHLIPEXYroJbHHKA AHArOHalM B3aWMHO
MEPHeHANKYIAPHEL, TO CYMMBI KBaJpaToOB MPOTHBOMOJIOKHEIX CTOPOH ATOrO

YeTHIPEXYTrOJILHUKA PABHBI.



